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Abstract
In this report, we develop a model for the resonant interaction between a pair of coupled quantum
wires, under conditions where self-consistent effects lead to the formation of a local magnetic
moment in one of the wires. Our analysis is motivated by the experimental results of Morimoto et
al. [Appl. Phys. Lett. 82, 3952 (2003)], who showed that the conductance of one of the quantum
wires exhibits a resonant peak at low temperatures, whenever the other wire is swept into the regime
where local-moment formation is expected. In order to account for these observations, we develop
a theoretical model for the inter-wire interaction that calculated the transmission properties of one
(the fixed) wire when the device potential is modified by the presence of an extra scattering term,
arising from the presence of the local moment in the swept wire. To determine the transmission
coefficients in this system, we derive equations describing the dynamics of electrons in the swept
and fixed wires of the coupled-wire geometry. Our analysis clearly shows that the observation of
a resonant peak in the conductance of the fixed wire is correlated to the appearance of additional
structure (near 0.75· or 0.25 · 2e2/h) in the conductance of the swept wire, in agreement with the
experimental results of Morimoto et al.
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I. INTRODUCTION
The low-temperature conductance of quantum point contacts (QPCs) is well known to
be quantized in units of 2e2/h, a phenomenon that can be explained in terms of a simple
transmission (Landauer) picture in which the influence of electron-electron interactions is
neglected [1]. While this model is remarkably successful in accounting for the observation of
conductance steps at integer units of 2e2/h, it is unable to explain the origin of the additional
conductance plateau, observed near 0.7 · 2e2/h in numerous experiments. (For an overview
of this issue, see Ref. [2].) While many different theoretical models have been proposed to
account for the origins of the 0.7 feature, there is a wide consensus that it is likely associated
with some novel many-body effect. One of the most convincing explanations (although not
yet commonly accepted) is the development of a net magnetic moment in the QPC when
it is almost pinched off [3, 4, 5]. In our recent work [6, 7, 8] we provided experimental and
theoretical support for this idea. The device structure that we have studied experimentally
in Ref. [6] is shown in Fig. 1 and was formed in the two-dimensional electron gas of a
GaAs/AlGaAs quantum well. The device was realized by means of electron-beam lithogra-
phy, and lift-off of Ti-Au gates. These gates were formed on a Hall bar with eight ohmic
contacts, positioned uniformly along its upper and lower edges. In suitable combinations,
these contacts could be used to make four-probe measurements of the conductance of either
wire, or of the quantum dot itself (as indicated in Fig. 1). Of particular interest here is
the non-local measurement (right panel) that can be made by measuring the conductance
through one (fixed) wire as the gate voltage (Vg) applied to the other (swept) wire is varied.
The key result of our experiment is that as the swept wire pinches off, a resonant enhance-
ment of the conductance of the fixed wire is observed. A qualitative theoretical explanation
of this phenomenon was given in Ref. [7]. Based on a modified Anderson Hamiltonian, we
showed that the resonant interaction with the local magnetic moment formed in the swept
wire leads to an additional positive contribution to the density of states of the fixed wire
and, consequently, to an enhancement of its conductance. While this analysis provides a
qualitative understanding of the resonant interaction between the quantum wires, the tunnel
matrix elements involved in the Anderson Hamiltonian are generally unknown and have thus
far been used as fitting parameters. In addition, the influence of the specific device geometry
on these matrix elements has thus far been neglected, even though geometry-related effects
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are known to be important for the description of scattering in one-dimensional structures
[9, 10]. To overcome these shortcomings, in this paper we present a more comprehensive
theory for the electron dynamics in the coupled-wire system of Fig. 1 and attempt to cal-
culate the amplitude of the resonant inter-wire interaction without the assumption of the
localized state formed in the swept wire. To this end, we further develop the approach
introduced in our previous paper [8], where the conductance of a single quantum wire was
determined. In this work, we obtained such features as an additional 0.75 ·2e2/h plateau for
ferromagnetic coupling between the local moment in the QPC and the conducting electrons
and a 0.25 ·2e2/h plateau for the antiferromagnetic coupling, in agreement to the research of
Refs. [11, 12]. In the present paper we calculate the single-electron transmission properties
of the fixed wire in a device potential that is modified by the presence of an extra scattering
term, arising from the presence of a local magnetic moment in the swept wire. The formu-
lation of this idea is given in Section II, where we derive equations describing the dynamics
of electrons in the swept and fixed wires. In Section III, we determine the transmission
coefficient and conductance for the fixed wire and compare these expressions to the results
of Ref. [8]. In particular, we show that an additional peak in the conductance of the fixed
wire is correlated to the appearance of additional plateaus (at 0.75 · 2e2/h or 0.25 · 2e2/h)
in the conductance of the swept wire in agreement with the experimental results of Ref. [6].
The conclusions are presented in Section IV.
II. ELECTRON MODES IN THE COUPLED QUANTUM WIRE STRUCTURE
We start our description of electron dynamics in the coupled quantum wire structure
from the following single-particle Hamiltonian
Hˆ0 = Kx +Ky + U(x) +W (y) + V (x, y)− J(x, y)~ˆσ · ~ˆS, (1)
where Kx and Ky are the kinetic energy operators for an electron localized in the 2D
plane, W (y) is the double-well potential describing the two quantum wires (Fig. 2, cen-
ter panel), V (x, y) is the potential of the tunnelling channel connecting the two wires (Fig.
2, right panel), and U(x) describes the smooth bottleneck shape of the quantum wire chan-
nels. The last term simulates exchange coupling between the conductance electrons (Pauli
matrices ~ˆσ) and the local moment, ~ˆS, which is assumed to be a spin-1/2 magnetic mo-
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ment with J(x, y) as the coordinate-dependent exchange coupling constant. The potentials
U(x), J(x, y), and V (x, y) vanish as x → ±∞. The potential V (x, y) is very sharp in com-
parison with the variation of U(x) in the x-direction due to the narrowness of the windows
connecting the QPCs and the quantum-dot region. J(x, y) has an x-dependence similar to
that of U(x), since the spatial characteristics of the local magnetic moment formed in the
conducting channel are determined by the shape of this channel.
We write the Schro¨dinger equation in the form
Hˆ0ψˆ(x, y) = Eψˆ(x, y), (2)
where the symbol ”hat” in this and subsequent equations is used for operators and wave
functions in the four-dimensional spin space of the two spins. The basis vectors in this space
(uncoupled representation) are given by [13]
χˆ1 = |↑e〉 |↑S〉 , χˆ2 = |↓e〉 |↓S〉 , χˆ3 = |↑e〉 |↓S〉 , and χˆ4 = |↓e〉 |↑S〉 , (3)
where |↑e〉 (|↓e〉) and |↑S〉 (|↓S〉) are spin-up (spin-down) states of the electron spin, ~σ,
and the local moment spin, ~S, respectively. The canonical transformation to the coupled
representation is discussed in Appendix A.
The solution of the Schro¨dinger equation, Eq. (2), can be expanded in terms of the spin
functions, Eq. (3), as
ψˆ(x, y) =
4∑
α=1
χˆαψα(x, y). (4)
Following the procedure of Ref. [9] we expand the full wave functions in terms of different
propagating modes
ψˆ(x, y) =
∑
n
ϕˆn(x)Φn(y) (5)
with the transverse structure of nth mode given by the solutions of the equation
[Ky +W (y)] Φn(y) = EnΦn(y). (6)
Correspondingly, the wave functions ϕˆn(x) obey the coupled equations
[E − En −Kx − Un(x)] ϕˆn(x) =
∑
m6=n
(
Vnm(x)− Jnm(x)~ˆσ · ~ˆS
)
ϕˆm(x) (7)
where
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Vnm(x) =
∫
dyΦ∗n(y)V (x, y)Φm(y), (8)
Jnm(x) =
∫
dyΦ∗n(y)J(x, y)Φm(y), (9)
and Un(x) = U(x) + Vnn(x).
In the following analysis we make a number of simplifications in Eq. (7). First, we note
that if the wires are well separated, the wave functions Φn(y) are strongly localized in one
of the two wires, allowing us to distinguish the modes propagating in each of the wires. We
assume that the shape of the confining potential W (y) is such that one of the wires is close
to pinch off (the swept wire), i.e. it has only one propagating mode (described by the wave
function ϕˆ0(x)) with the transverse confinement (subband bottom) energy, E0, less than the
Fermi energy, whereas the other wire (the fixed wire) has several propagating modes (Figure
3). The localized magnetic moment is supposed to form in the only subband of the swept
wire, hence the exchange coupling can be approximated as Jnm(x) = δn,0δm,0J(x). Thus the
system of equations is reduced to
[
E − E0 −Kx − U0(x) + J(x)~ˆσ · ~ˆS
]
ϕˆ0(x) =
∑
n≥1
V0n(x)ϕˆn(x) (10)
and
[E − En −Kx − Un(x)] ϕˆn(x) =
∑
m
Vnm(x)ϕˆm(x) for n ≥ 1. (11)
Furthermore, relying on the large energy separation between the subbands, in compari-
son with the magnitudes of Vnm(x) and J(x), we will neglect interaction between different
subbands of the fixed wire, effectively restricting our analysis to a two-subband model, i.e.
studying the only subband of the swept wire and nth subband of the fixed wire. The coupled
equations for this pair of subbands are
[
E −E0 −Kx − U0(x) + J(x)~ˆσ · ~ˆS
]
ϕˆ0(x) = Vn(x)ϕˆn(x), (12)
[E − En −Kx − Un(x)] ϕˆn(x) = Vn(x)ϕˆ0(x), (13)
where we have introduced Vn(x) = V0n(x) = Vn0(x).
Eqs. (12,13) can be decoupled using Green’s functions:
Gˆ0(ǫ) =
[
ǫ−Kx − U0(x) + J(x)~ˆσ · ~ˆS
]−1
(14)
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and
Gˆn(ǫ) = [ǫ−Kx − Un(x)]−1 . (15)
With these Green’s functions Eqs. (12,13) can be formally integrated as
ϕˆ0(x) = Gˆ0(E − E0)V (x)ϕˆn(x) (16)
and
ϕˆn(x) = Gˆn(E − En)V (x)ϕˆ0(x). (17)
Accordingly, we obtain
[
E − E0 −Kx − U0(x) + J(x)~ˆσ · ~ˆS
]
ϕˆ0(x) = V (x)Gˆn(E −En)V (x)ϕˆ0(x), (18)
and
[E − En −Kx − Un(x)] ϕˆn(x) = V (x)Gˆ0(E − E0)V (x)ϕˆn(x). (19)
The Green’s function Gˆn(ǫ) is a scalar Green’s function, i.e. it is a unit matrix in the
uncoupled spin space, whereas Gˆ0(ǫ) has a more complicated structure. Nevertheless, it can
be expressed in terms of two scalar Green’s functions (see the derivation in Appendix B) as
Gˆ0(ǫ) =
1
4
[
3gt(ǫ) + gs(ǫ)
]
Iˆ +
1
4
[
gt(ǫ)− gs(ǫ)
]
~ˆσ · ~ˆS, (20)
where
gt(ǫ) = [ǫ−Kx − U(x) + J(x)]−1 (21)
and
gs(ǫ) = [ǫ−Kx − U(x)− 3J(x)]−1 . (22)
Now we are able to redefine the scalar potentials, as
U˜0(x, E) = U0(x) + V (x)Gˆn(E − En)V (x) (23)
and
U˜n(x, E) = Un(x) + vn(x, E) = Un(x) + Vn(x)
1
4
[
3gt(E −E0) + gs(E − E0)
]
Vn(x), (24)
and introduce the tunneling-induced exchange coupling of electrons in the fixed wire to the
local magnetic moment,
jn(x, E) = −Vn(x)1
4
[
gt(E − E0)− gs(E −E0)
]
Vn(x). (25)
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As a result, we obtain the following equations for the description of electron dynamics in
the swept and fixed wires in the form
[
E −E0 −Kx − U˜0(x) + J(x)~ˆσ · ~ˆS
]
ϕˆ0(x) = 0, (26)
and [
E − En −Kx − U˜n(x) + j(x, E)~ˆσ · ~ˆS
]
ϕˆn(x) = 0. (27)
Although the form of these two equations is very similar, and they can be both treated
in the same manner (as is discussed in the next Section), the results they yield will differ,
depending on the specific shapes of the potentials and exchange couplings. In particular,
while the shape of the coupling J(x) in Eq. (26) is smooth, similar to that of the potential
U(x), the exchange constant j(x) of Eq. (27) is proportional to the potential V (x), and
therefore is sharper than the bottleneck potential U(x).
III. CALCULATIONS OF THE TRANSMISSION COEFFICIENT AND CON-
DUCTANCE FOR THE SWEPT AND FIXED WIRES
In our previous paper [8], we determined the transmission coefficient and the conductance
of a single QPC, expanding functions U˜0(x) and J(x) involved in Eq.(26) into series near
their maxima (i.e. representing them as inverted parabolas) as
U˜0(x) = U˜0(0) +
x2
2
∂2U˜0(x)
∂x2
|x=0 = U˜max − mω
2
Ux
2
2
(28)
and
J(x) = J(0) +
x2
2
∂2J(x)
∂x2
|x=0 = Jmax − mω
2
Jx
2
2
. (29)
The transmission coefficient for the inverse parabolic barrier u(x) = −mω2x2/2 is given
by [14]
t(η) =
[
1 + e−2piη
]−1/2
, (30)
where η = ǫ/h¯ω, and the energy, ǫ, is measured from the top of the barrier. Thus, the
transmission coefficients of the swept wire can be written as
T0t = t
(
ǫ− U˜max + Jmax
h¯ω−
)
(31)
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and
T0s = t
(
ǫ− U˜max − 3Jmax
h¯ω+
)
, (32)
where ω− =
√
ω2U − ω2J , ω+ =
√
ω2U + 3ω
2
J . Assuming the equivalence of all initial spin
orientations, we obtain the conductance of the swept wire as
GSW =
2e2
h
[
3
4
|T0t|2 + 1
4
|T0s|2
]
=
2e2
h

3
4
∣∣∣∣∣t
(
ǫ− U˜max + Jmax
h¯ω−
)∣∣∣∣∣
2
+
1
4
∣∣∣∣∣t
(
ǫ− U˜max − 3Jmax
h¯ω+
)∣∣∣∣∣
2

 . (33)
The most important feature of the transmission coefficients is that the transmission proba-
bility, |t(η)|2, is very close to a step function. This step-like structure causes the conductance
to reproduce the step-like behavior of the 0.7-anomaly. In the case of ferromagnetic coupling
between the electrons and local magnetic moment, Jmax > 0, our model gives an additional
conductance step at 0.75× 2e2/h, as
GSW =
2e2
h


0, if ǫ < U˜max − Jmax,
0.75, if U˜max − Jmax < ǫ < U˜max + 3Jmax,
1, if ǫ > U˜max + 3Jmax.
(34)
It is interesting to point out that for antiferromagnetic coupling, Jmax < 0, we obtain a
conductance step at 0.25× 2e2/h, which has been observed in experiments [15] and density-
functional simulations [4], as
GSW =
2e2
h


0, if ǫ < U˜max − 3 |Jmax| ,
0.25, if Umax − 3 |Jmax| < ǫ < U˜max + |Jmax| ,
1, if ǫ > U˜max + |Jmax| .
(35)
The idea that the 0.7-anomaly is caused by singlet-triplet splitting of the first plateau,
into the triplet part contributing 3/4(=0.75) and the singlet part contributing 1/4(=0.25,)
was suggested in Refs. [11] and [12]. However, these theories failed to reproduce the correct
behavior of 0.7-anomaly with variations of temperature, concentration and source-drain bias.
Correspondingly, the model used in the present paper is also too primitive but it can be
improved, in particular, by using the results of density functional modelling [4, 5] to specify
the shape and strength of the exchange coupling J(x, y) by comparing phenomenological
parameters to experimental data. It should be also noted that in experiments the actual
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position of the ”0.7-plateau” varies between 0.5 and 0.8 for samples having different electron
concentrations, gate voltages, and source-drain biases (see [2] and references therein) and,
accordingly, the theoretical explanations providing the ”0.75” result cannot be ruled out
especially in a view of experimental observation of the 0.25-plateau [15].
The method of calculation of the fixed wire conductance is very similar to that of the
swept wire. However, the exchange and scattering potentials, involved in Eq. (26) for the
swept wire and in Eq. (27) for the fixed wire, are different, leading to the differences in
the behavior of the conductance. One of the main differences is that the tunneling channel,
whose width is characterized by the width of potential Vn(x), is narrow in comparison to the
extent of the bottleneck potential of a quantum wire, described by Un(x), and the corrections
associated with this tunneling appear as a peak or a dip on top of the potential.
To evaluate Eq. (27), we rewrite it in the coupled representation (see appendix A, with
the prime to be omitted below) as
(E − En −Kx − Un(x)− vn(x) + jn(x, E))ϕnα(x) = 0 (36)
for α = 1, 2, 3 and
(E − En −Kx − Un(x)− vn(x)− 3jn(x, E))ϕn4(x) = 0 (37)
for α = 4. The exchange-independent solutions can be found from the equation
(E −En −Kx − Un(x)− vn(x))χ±nk(x) = 0, (38)
where k = 1
h¯
√
2m(E − En), and we denote the transmission coefficient associated with these
solutions as tn(E −En).
We can express the exchange term, jn(x, E) in terms of the transmission coefficients of
the swept wire. In this, we employ the approximation of inverse parabolicity of the barrier
in the swept wire to the Green’s functions involved in the definition of the exchange term,
jn(x) = −Vn(x)1
4
∫
dx′
[
gt(x, x′, E −E0)− gs(x, x′, E − E0)
]
Vn(x
′). (39)
Using the properties of the Green’s functions of the inverse parabolic barrier (see Appendix
C), we find that the energy dependence of the exchange term is determined by the difference
of the transmission coefficients as
jn(x, E) ∼ [T0t(E − E0)− T0s(E −E0)] jn(x). (40)
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The contributions of the exchange interaction have different signs for the singlet and
triplet states and appear as a peak and a dip, respectively, on top of the bottleneck potential
U˜(x) = U(x)+v(x) (see Figure 4). The dip leads to the occurrence of localized states inside
the potential of the fixed wire modifying its conductive properties. We consider two possible
situations.
1. Ferromagnetic coupling (jn(x, E) > 0).
In this case the triplet states experience a dip in the potential, and the energy of the
quasibound state (Figure 4) can be found from the equation
[Kx − jn(x, E)]φnt(x) = λntφnt(x), (41)
where the energy is counted from the top of the bottleneck potential, U˜n,max, and λnt is
negative. The transmission coefficient of a barrier with the quasibound state was calculated
in Ref. [9], and is given by
Tnt(E −En) = tn(E − En) + m
ıkh¯2
〈
φnt |jn(x, E)|χ+nk
〉 〈
φnt |jn(x, E)|χ−nk
〉
E −En − U˜n,max − λ¯nt + ıΓnt
, (42)
where λ¯nt = λnt + δλnt (with δλnt accounting for the energy shift due to the possibility of
tunneling in and out of the quasibound state) and the width of the tunneling resonance,
Γnt, has the form [9]
Γnt =
m
2kh¯2
(∣∣∣〈φnt |jn(x, E)|χ+nk〉
∣∣∣2 + ∣∣∣〈φnt |jn(x, E)|χ−nk〉
∣∣∣2) . (43)
Substituting the expressions for the exchange term, Eq. (40), into Eq. (42), we obtain
Tnt(E − En) = tn(E − En) + Kn [T0t(E − E0)− T0s(E −E0)]
2
E − En − U˜n,max − λ¯nt + ıΓnt(E − E0)
, (44)
where Kn is a scalar coefficient. The bottleneck potential of the fixed wire can also be as-
sumed to be inverse parabolic, U˜n(x) ≈ U˜n,max−mΩ2nx2/2, and the background transmission
coefficient has the form
tn(E − En) = t
[
E −En − U˜n,max
h¯Ωn
]
. (45)
The absolute value of the transmission coefficient Eq. (44) should not exceed unity. One
can see that this condition is obeyed because the two terms in this expression are non-zero
for different energies.
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For the singlet state there is no dip in the potential, but the barrier is a little bit higher
than U˜n,max, which can be taken into account by introducing parameter δjn(E−E0) propor-
tional to [T0t(E −E0)− T0s(E − E0)] δj˜n, so that the transmission coefficient for the singlet
state can be written as
Tns(E −En) = t
[
E − En − U˜n,max − δjn(E − E0)
h¯Ωn
]
. (46)
Finally, the width of the tunneling resonance takes form
Γnt(E −E0) = Γn,0 [T0t(E −E0)− T0s(E − E0)]2 , (47)
where Γn,0 is a constant.
2. Antiferromagnetic coupling (jn(x) < 0).
In this case the singlet state experiences scattering through quazibonding state, whose
bare energy and zero-order wave function can be determined by the equation
[Kx + 3jn(x, E)]φ
′
ns(x) = λ
′
nsφ
′
ns(x). (48)
Employing the same procedure as in the previous case, we obtain the transmission coefficients
as
T ′ns(E − En) = tn(E −En) +
K ′n [T0t(E −E0)− T0s(E − E0)]2
E −En − U˜n,max − λ¯′ns + ıΓ′ns(E − E0)
, (49)
T ′nt(E − En) = t
[
E −En − U˜n,max − δj′n(E −E0)
h¯Ωn
]
. (50)
In these expressions
Γ′ns(E −E0) = Γ′n,0 [T0t(E −E0)− T0s(E − E0)]2 . (51)
We can establish approximate relations between the coefficients in the ferromagnetic and
antiferromagnetic cases: K ′n ≈ 9Kn, Γ′n ≈ 9Γn, and δj′n ≈ 3δjn.
With these transmission coefficients we can obtain an expression for the conductance as
GFW =
2e2
h
∑
n
[
3
4
|Tnt(E − En)|2 + 1
4
|Tns(E − En)|2
]
. (52)
The conductances of the swept and fixed wires is shown in Figure 5 as functions of the gate
voltage of the swept wire (which determines the energy separation of the local state, E0, and
the Fermi energy) for the ferromagnetic case and for the following set of parameters: EF −
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U˜max = 0.6meV, U˜max − En = 0.3meV, Jmax = 0.3meV, ω− = 0.3meV, ω+ = 1.5meV, ωU =
1meV,Ωn = 1meV,Kn = 0.0285meV,Γn = 0.1meV, and δjn = 0.1meV . The confinement
potential in the fixed wire is assumed to be parabolic with the level separation En−En−1 =
0.3meV .
One can see from this figure that the conductance peak in the fixed wire appears exactly
at the same gate voltages as the 0.75-plateau in the conductance of the swept wire indicating
their common nature as the local moment formation as the swept wire pinches off.
IV. CONCLUSIONS
In this report, we have presented a comprehensive theory for the electron dynamics in a
system of coupled quantum wires, under conditions where a local magnetic moment is formed
in one of them. Rather than assume that this local moment is related to the formation
of an associated localized state in the swept wire, we have calculated the single-electron
transmission properties of the fixed wire in a potential that is modified by the presence of
an extra scattering term, arising from the presence of the local moment in the swept wire.
To determine the transmission coefficients in this system, we derived equations describing
the dynamics of electrons in the swept and fixed wires of the coupled-wire geometry. Our
analysis clearly shows that the observation of a resonant peak in the conductance of the
fixed wire is correlated to the appearance of additional structure (near 0.75· or 0.25 · 2e2/h)
in the conductance of the swept wire, in agreement with the experimental results of Ref. [6].
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APPENDIX A: ELECTRON SCATTERING BY A LOCALIZED SPIN
In this appendix we discuss the canonical transformation from the uncoupled represen-
tation to the coupled representation.
The basis vectors in the spin space of electron spin and the magnetic moment in the
uncoupled representation are given by Eqs. (3). The form of the exchange operator ~σ · ~S in
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this basis is
Qˆ = ~σ · ~S =


1 0 0 0
0 1 0 0
0 0 −1 2
0 0 2 −1


. (A1)
This operator can be diagonalized by a canonical transformation
Qˆ′ = Xˆ+QˆXˆ =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3


(A2)
where the transformation operator is given by
Xˆ =


1 0 0 0
0 1 0 0
0 0 1√
2
− 1√
2
0 0 1√
2
1√
2


(A3)
The wave function is transformed in a similar way:
ϕˆ′(x) = Xˆ+ϕˆ(x). (A4)
The equation describing scattering of an electron on LMM is
(
ǫ−Kx − U(x) + J(x)~σ · ~S
)
ϕ(x) = 0, (A5)
where ϕ(x) is a four-component wave function in spin space:
ϕˆ(x) =
4∑
α=1
χαϕα(x). (A6)
This equation can be formally solved with help of the canonical transformation, Eq. (A3)
(Iˆ = Xˆ+Xˆ):
Xˆ+
(
ǫ−Kx − U(x) + J(x)~σ · ~S
)
XˆXˆ+ϕ(x)
=
(
ǫ−Kx − U(x) + J(x)Xˆ+~σ · ~SXˆ
)
ϕˆ′(x)
=
(
ǫ−Kx − U(x) + J(x)Qˆ′
)
ϕˆ′(x) = 0. (A7)
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Equation (A7) is diagonal in spin space and can be written as four equations for wave
function components:
(ǫ−Kx − U(x) + J(x))ϕ′α(x) = 0, α = 1, 2, 3 (A8)
(ǫ−Kx − U(x)− 3J(x))ϕ′4(x) = 0. (A9)
APPENDIX B: GREEN’S FUNCTION FOR AN ELECTRON SCATTERED BY
A LOCALIZED SPIN
In this Appendix we derive the Green’s function of Eq. (20), starting from its definition,
Eq. (14),
Gˆ0(ǫ) =
[
ǫ−Kx − U0(x) + J(x)~ˆσ · ~ˆS
]−1
(B1)
According to this, the Green’s function satisfies the equation
(
ǫ−Kx − U(x) + J(x)~ˆσ · ~ˆS
)
Gˆ(x, x′, ǫ) = Iˆδ(x− x′), (B2)
where Iˆ is the unit matrix in spin space, together with the boundary conditions, which
depend on the particular kind of the Green’s function that we are looking for.
Using the canonical transformation of Appendix A, we can calculate the Green’s function
Gˆ′(x, x′, ǫ) = Xˆ+Gˆ(x, x′, ǫ)Xˆ , which is diagonal in spin space, G′αβ(x, x
′, ǫ) = δαβG′α(x, x
′, ǫ),
and whose components, G′α(x, x
′, ǫ) = gt(x, x′, ǫ) for α = 1, 2, 3, and G′4(x, x
′, ǫ) =
gs(x, x′, ǫ), should satisfy the equations
(ǫ−Kx − U(x) + J(x)) gt(x, x′, ǫ) = δ(x− x′), (B3)
(ǫ−Kx − U(x)− 3J(x)) gs(x, x′, ǫ) = δ(x− x′). (B4)
The outgoing-wave Green’s function, Gαβ(x, x
′, ǫ) ∼ δα,βe±ikx for x −→ ±∞, is of most
interest to us. It is shown in Ref. [9] that in terms of the scattering solutions the components
of the desired Green’s function are given by
gt,s(x, x′, ǫ) =
m
ikTt,s


φt,s−k (x
′)φt,s+k (x) if x > x
′,
φt,s+k (x
′)φt,s−k (x) if x < x
′,
(B5)
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where k =
√
2mǫ/h¯ and φ
t,s−/+
k are triplet/singlet scattering solutions originated from +/-
∞, respectively.
Now the Green’s function Gˆ′(x, x′, ǫ) takes form
Gˆ′(x, x′, ǫ) =


gt(x, x′, ǫ) 0 0 0
0 gt(x, x′, ǫ) 0 0
0 0 gt(x, x′, ǫ) 0
0 0 0 gs(x, x′, ǫ)


(B6)
and applying the canonical transformation backwards we obtain
Gˆ(x, x′, ǫ) = XˆGˆ′(x, x′, ǫ)Xˆ+ =

gt(x, x′, ǫ) 0 0 0
0 gt(x, x′, ǫ) 0 0
0 0 1
2
[gt(x, x′, ǫ) + gs(x, x′, ǫ)] 1
2
[gt(x, x′, ǫ)− gs(x, x′, ǫ)]
0 0 1
2
[gt(x, x′, ǫ)− gs(x, x′, ǫ)] 1
2
[gt(x, x′, ǫ) + gs(x, x′, ǫ)]


(B7)
Finally, Eq. (B7) can be split into the scalar part, proportional to a unit matrix in the
spin space, and the part proportional to the exchange operator, Qˆ = ~ˆσ · ~ˆS:
Gˆ(x, x′, ǫ) =
1
4
[
3gt(x, x′, ǫ) + gs(x, x′, ǫ)
]
Iˆ +
1
4
[
gt(x, x′, ǫ)− gs(x, x′, ǫ)
]
~ˆσ · ~ˆS. (B8)
APPENDIX C: GREEN’S FUNCTIONS AND TRANSMISSION COEFFI-
CIENTS OF AN INVERSE PARABOLIC BARRIER
In this section we briefly summarize some known facts about an inverse parabolic barrier
[14]. If the barrier potential is given by u(x) = −mω2x2/2, the scattering solutions of the
equation
[ǫ−Kx − u(x)] Ψ±(x) = 0 (C1)
are given by
Ψ±(x) = E(η,±ξ), (C2)
where E(η, ξ) is a Weber function, i.e. a solution of the equation for parabolic cylinder
functions, y′′(ξ) + (1
4
ξ2 − η)y(ξ) = 0, [16]; ξ = qx, and q =
√
2mω/h¯, whereas η = −ǫ/(h¯ω).
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The one-dimensional Green’s function for such a barrier is given by
G(x, x′, ǫ) =
mt(η)
h¯2q


E(η, ξ)E(η,−ξ′), x > x′
E(η,−ξ)E(η, ξ′), x < x′
, (C3)
where the transmission coefficient has the form
t(η) =
[
1 + e−2piη
]−1/2
. (C4)
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